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We investigate a hybrid quantum system consisting of a cavity optomechanical device optically
coupled to an ultracold quantum gas. We show that the dispersive properties of the ultracold gas
can be used to dramatically modify the optomechanical response of the mechanical resonator. We
examine hybrid schemes wherein the mechanical resonator is coupled either to the motional or the
spin degrees of freedom of the ultracold gas. In either case, we find an enhancement of more than
two orders of magnitude in optomechanical cooling due to this hybrid interaction. Significantly,
based on demonstrated parameters for the cavity optomechanical device, we identify regimes that
enable the ground state cooling of the resonator from room temperature. In addition, the hybrid
system considered here represents a powerful interface for the use of an ultracold quantum gas for
state preparation, sensing and quantum manipulation of a mesoscopic mechanical resonator.
I. INTRODUCTION
The control and manipulation of mesoscopic mechan-
ical resonators by radiation pressure has fueled enor-
mous interest in the use of optomechanical systems for
applications to sensing, transduction and optomechan-
ical information processing, as well as for foundational
tests of quantum mechanics in the macroscopic domain
[1]. While cavity optomechanics has seen remarkable
advances in recent years, the preparation of mesoscopic
mechanical resonators in the quantum regime remains a
significant challenge. In particular, the requirements for
ground state cooling include the ability to isolate the res-
onator from environmental sources of dissipation as well
as the realization of a cavity optomechanical system in
the ‘resolved-sideband’ regime [2]. Both these require-
ments become particularly challenging for optomechan-
ical systems characterized by low frequency (< 1 MHz)
mechanical resonators. Thus, for optomechanical sys-
tems operating in the optical domain, ground state cool-
ing has, to date, only been demonstrated by the use of
high frequency mechanical resonators and cryogenic cool-
ing to reduce the thermal coupling to the environment
[3–5]. On the other hand, low frequency resonators are
particularly compelling for a variety of sensing applica-
tions due to the long coherence times and large zero-point
motion, and methods to cool such resonators to the quan-
tum regime will enable a variety of technical applications
as well as fundamental studies.
A promising avenue to circumvent the limitations in-
herent to optomechanical cooling is the use of an aux-
iliary quantum system that can enhance the effective
optomechanical response of the resonator. Several pro-
posals involving such hybrid schemes [6] and other ap-
proaches [7] have been advanced to improve the perfor-
∗ These two authors contributed equally to the work.
mance of cavity cooling. Coupling a cold atomic ensem-
ble to the mechanical resonator is of particular interest
due to the precise control, wide tunability and strong
optical interactions exhibited by atomic systems [8–11].
This article investigates the hybrid optical interaction
between a cavity optomechanical system and an ensem-
ble of ultracold atoms. We consider the situation where
the mechanical resonator and the ultracold gas are em-
bedded within distinct optical cavities that interact via
a common ‘coupling’ laser (see Fig. 1). In addition to
alleviating technical constraints, this modular approach
also represents a powerful method to combine the co-
FIG. 1. (Colors online). Hybrid optomechanical setup with
atoms. The cavities containing an atomic ensemble and an
optomechanical element are coupled by an optical field that
interacts with both the systems.
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2herence, sensitivity and tunability of the atoms with the
robustness and scalability of the optomechanical device.
As discussed below, the atomic gas is described as a
three-level Λ system whose optical response to the cou-
pling light field can be modified by a strong ‘control’
field. Such Λ configurations in atomic ensembles ex-
hibit narrow resonances due to the competition between
dissipation and dispersion. We consider specifically two
well-known and complementary approaches towards that
goal, Electromagnetically Induced Transparency (EIT)
[12] and Recoil Induced Resonances (RIR) [13–17]. In
either case, and for experimentally demonstrated values
of the quality factor and of the Q × f product for the
mechanical resonator [18] and the cavity optomechanical
system, we find a broad and robust range of parameters
for which the mechanical resonator can be cooled to its
quantum ground state from room temperature.
In EIT, quantum interference between different excita-
tion pathways to the same atomic level induces a narrow
transparency window for the propagation of a weak res-
onant field that can be controlled via an external ‘con-
trol’ laser. The effect may be tuned by separating two
lower-lying states via e.g. Zeeman splitting by means
of an additional magnetic field. Intracavity EIT has al-
ready been proposed for cooling and entanglement in an
optomechanical setup [19, 20]. Here, we explore a new
regime in separate cavities and we obtain the surprising
result of a very effective blue-sideband cooling.
In contrast, RIR is generated when the exchange of
energy between the control and the coupling lasers is res-
onant with the transition between different atomic mo-
mentum states. This nonlinear effect can be tuned by
changing the frequencies of the lasers or the intensity
of the control field. In particular, long-lived momentum
coherences, narrow resonance features and large gain in
the coupling beam amplitude have been demonstrated
[17]. We show that this spectrally narrow gain feature
enhances the asymmetry between the optical sidebands
at the mechanical frequency, which in turn leads to effi-
cient cooling.
This paper is organized as follows. In Section II we
present the complete Hamiltonian for the system, com-
prising the optical, mechanical and atomic parts, as well
as the coupling between the different cavities. We ex-
pand on the atomic Hamiltonian in Section III, review-
ing the theory for the atomic response and discussing the
atomic susceptibilities for EIT and RIR. Section IV is
devoted to the analysis of the optomechanical dynamics,
with emphasis on two possible configurations: cascade
and feedback coupling between the cavities. Finally, we
draw some conclusions and we discuss the perspectives
of this work in Section V.
II. MODEL HAMILTONIAN
We consider two coupled cavities, one containing an
atomic ensemble and another including a mechanical res-
onator. We will refer to them as the atomic cavity and
the optomechanical cavity, respectively. The two cavities
are optically coupled to obtain an effective interaction be-
tween the atomic ensemble and the mechanical element.
A possible realization of the system is sketched in Fig. 1.
The full Hamiltonian describing this setup is
H = Hca +Hatom +Hcm +HOM +HAM +Hloss, (1)
where Hca, Hcm describe the optical fields in the two
cavities, HAM represents the coupling between the two
cavities, HOM contains the optomechanical interaction,
Hatom accounts for the atomic dynamics that will be dis-
cussed in detail in the following Section, and Hloss de-
notes the various (atomic, optical and mechanical) loss
mechanisms.
The cavities have the decay rates κci = FSRi/Fci,
where FSRi = 2pic/2Lci is the free spectral range, Lci
being the length of the cavity and Fci the cavity finesse.
Here the subscripts i ∈ {a,m} denote the atomic and op-
tomechanical cavity, respectively. We assume throughout
that Fca  Fcm. The dynamics in the atomic cavity is
described by Hatom +Hca, with
Hca = ~ωcaaˆ†aˆ+ i~(ηaaˆ† − η∗aaˆ), (2)
where aˆ denotes the annihilation operator for the cavity
mode, which acts as the coupling field. The cavity is
driven by ηa =
√
Pin,aκl,ca/~ωca, with Pin,a the power
of the input coupling beam and ωca the cavity resonance
frequency and κl,ca indicates the coupling through the left
(input) mirror of the atomic cavity. Its value depends on
the type of cavity we are considering [21].
Similarly the Hamiltonian for the optomechanical cav-
ity can be written as Hcm +HOM where
Hcm = ~ωcmcˆ†cˆ+ i~(ηccˆ† − η∗c cˆ), (3)
and cˆ is the annihilation operator for the cavity mode
with frequency ωcm, ηc =
√
Pin,cκl,cm/~ωcm, Pin,c being
the input power. The optomechanical interaction is
HOM = ~ωmbˆ†bˆ+ ~g0cˆ†cˆ(bˆ+ bˆ†), (4)
where bˆ annihilates phonons of the relevant mechanical
oscillator mode, with frequency ωm, and g0 is the single
photon optomechanical coupling. Finally, we describe
the coupling between the cavities by the Hamiltonian
HAM = ~J(aˆ†cˆ+ cˆ†aˆ), (5)
where J is a the phenomenological constant. The tech-
nical details leading to its specific value depend on the
specifics of the experimental setup, in particular the
mode matching of the coupling field between the two cav-
ities. Neglecting all coupling losses and assuming perfect
mode matching, we set J =
√
κl,caκl,cm [22].
3III. OPTICAL RESPONSE OF ATOMIC Λ
SCHEMES
In this section we introduce two specific atomic Λ con-
figurations. The intent is to exploit their narrow and tun-
able spectral features to resolve the mechanical degree of
freedom. The level diagrams are given in Fig. 2(A,C). In
both cases, we assume that the atomic ensemble is con-
fined in an optical cavity, as shown in Fig. 2B. A strong
(classical) control laser with frequency ω1 and a weak
coupling laser with frequency ω2 interact with a chosen
atomic transition of frequency ω0. To study the optical
response of the atomic ensembles we consider an isolated
atomic cavity with Hamiltonian
H = Hca +Hatom +H
′
loss, (6)
where H ′loss accounts for all relevant (atomic and optical)
loss mechanisms.
FIG. 2. (Colors online). Atomic level scheme for EIT (A) and
RIR (C). Generic setup for an atomic ensemble in a single
mode cavity (B).
A. Electromagnetically Induced Transparency
In this scheme, sketched in Fig. 2A, we take advan-
tage of the internal energy level structure of the atoms,
in particular the splitting in Zeeman sublevels of a hy-
perfine manifold, where the energy difference between
the states can be tuned via an external magnetic field
Bext. The two levels |g〉 and |m〉 are Zeeman sub-
levels of the ground state manifold with energy difference
∆mµBgFBext, where µB is the Bohr magneton, gF is the
Lande´ factor and ∆m is the difference in the magnetic
quantum number. The state |e〉 is instead chosen from
an excited manifold.
We assume a tightly trapped atomic sample, such that
recoil effects are negligible. Furthermore, to ensure sta-
ble steady-state conditions we assume that the atomic
ensemble is simultaneously cooled by Raman sideband
cooling, so as to repopulate the ground state with high
fidelity [23] even in the presence of the coupling laser.
In terms of the atomic operators σˆab = |a〉 〈b| the
atomic Hamiltonian is
Hatom = H0 +Haf , (7)
where H0 =
∑
a={g,e,m} ~ωaσˆaa describes the non-
interacting internal level structure and the second term
contains the interaction of the atomic levels with the con-
trol and coupling fields,
Haf = ~Ω
[
eiω1tσˆme + e
−iω1tσˆem
]
+ ~Ea
[
aˆ†eiω2tσˆge + aˆe−iω2tσˆeg
]
. (8)
Here Ω is the Rabi frequency for the (classical) control
field and Ea is the real single atom Rabi frequency for the
intra-cavity field, aˆ. We adopt the interaction picture for
the atomic levels and work in a rotating frame at the
coupling frequency ω2. Assuming that the light and the
atomic system correlation functions factorize, the equa-
tions of motion for the expectation values of the atom-
light system in the cavity are then
〈 ˙ˆa〉 =
(
i∆ca − κca
2
)
〈aˆ〉+ ηa − iEa〈σˆge〉ei∆at, (9)
〈 ˙ˆσge〉 = iEa〈aˆ〉(〈σˆee〉 − 〈σˆgg〉)e−i∆at − iΩ〈σˆgm〉e−i∆ct
− γe
2
〈σˆge〉, (10)
〈 ˙ˆσgm〉 = iEa〈aˆ〉〈σˆem〉e−i∆at − iΩ〈σˆge〉ei∆ct − γm
2
〈σˆgm〉,
(11)
〈 ˙ˆσem〉 = iEa〈aˆ†〉〈σˆgm〉ei∆at + iΩ(〈σˆmm〉 − 〈σˆee〉)e−i∆ct
− γe
2
〈σˆem〉. (12)
The terms γl, l = {e,m} lead to decay of coherence due
to atomic dephasing mechanisms, mainly spontaneous
emission from the excited or metastable levels |e〉, |m〉.
We have also introduced the detunings ∆ca = ω2 − ωca,
∆a = ω2−ωeg and ∆c = ω1−ωem. For ∆a and ∆c much
larger than the width of the excited state, the atoms are
populating only the lower two states, such that 〈σˆee〉 = 0
and the total number of atoms is N = Ng + Nm with
〈σˆgg〉 = Ng and 〈σˆmm〉 = Nm. To find the atomic sus-
ceptibility we consider the steady state of the atomic co-
herences in their respective rest frames and neglect higher
order terms in the atom-field coupling Ea
〈σˆem〉 = ΩNm
∆c − iγe/2 , (13)
〈σˆgm〉 = [Ω〈σˆge〉 − Ea〈aˆ〉〈σˆem〉] 1
δ − iγm/2 , (14)
〈σˆge〉 = iχEIT〈aˆ〉−iEa , (15)
χEIT = E2a
(
Ng − Ω
2Nm
(∆c − iγe/2)(δ + iγm/2)
)
×
(
∆a + i
γe
2
− Ω
2
δ + iγm/2
)−1
. (16)
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FIG. 3. (Colors online). Atomic susceptibility for EIT. We consider a sample of atomic 87Rb in the |F = 1〉 ground state
manifold with ∆a = 500γe and N = 10
8. The control amplitude is Ω = 4γe (red dot-dashed line) and Ω = 6γe (blue dashed
line). For the single atom Rabi frequency of the coupling field we assume Ea = 2pi × 100 kHz, while the mechanical frequency
used only as normalization is ωm = 2pi × 300 kHz.
Here we have introduced the two-photon detuning δ =
∆a − ∆c. The first term in the atomic susceptibility
(16), dependent on Ng, is the usual EIT susceptibility
with zero population in the metastable state. In the fol-
lowing we consider that situation and choose Ng = N .
The equation of motion for the expectation value of the
intracavity field becomes then
d〈aˆ〉
dt
=
(
i∆ca − κca
2
)
〈aˆ〉+ ηa + iχEIT〈aˆ〉, (17)
and the steady state for the cavity field is
〈aˆ〉 = ηa−i∆ca + κca/2− iχEIT , (18)
which clearly shows the modification of the cavity re-
sponse by the the atomic system in the form of a mod-
ified detuning ∆af = ∆ca + Re[χEIT] and decay rate
κaf = κca + Im[χEIT] with
Re[χEIT] = −E2aN
[
∆a
(
δ2 +
γ2m
4
)
− Ω2δ
] [(
∆2a +
γ2e
4
)(
δ2 +
γ2m
4
)
+ Ω4 − 2Ω2
(
∆aδ − γeγm
4
)]−1
, (19)
Im[χEIT] = E2aN
[
γe
2
(
δ2 +
γ2m
4
)
+ Ω2
γm
2
] [(
∆2a +
γ2e
4
)(
δ2 +
γ2m
4
)
+ Ω4 − 2Ω2
(
∆aδ − γeγm
4
)]−1
. (20)
Figure 3 shows the imaginary and real parts of the EIT
susceptibility as a function of the two-photon detuning.
It displays are two main features: an atomic resonance,
due to the metastable state |m〉 dressed by the strong
control field; and the EIT or two-photon resonance, due
to the Raman coherence established between |g〉 and |m〉.
The latter is located at δ = 0 and it is characterized by
a vanishing dispersion, while the former is dominated by
atomic absorption and its position is set by the dynami-
cal Stark shift, δ = Ω2/∆a. The strength of the absorp-
tion is directly proportional to the total number of atoms
and inversely proportional to the single-photon detuning,
since the coupling is mediated by the excited state, and
its linewidth may by tuned by changing the amplitude
Ω.
Figure 4 shows the corresponding intracavity field am-
plitude as a function of the detuning from the cavity res-
onance. Note the drastic reduction in the effective cavity
line width as a result of the interaction with the atoms.
The origin of this narrowing is the interplay between
atomic absorption and dispersion. There is a strong sup-
pression corresponding to the atomic resonance, where
5the light is almost completely absorbed by the atomic
cloud. The atomic dispersion corresponding to the real
part of the susceptibility has a smaller peak value than its
imaginary counterpart, but its baseline tends to a con-
stant value away from the resonance and it affects the
cavity response. Note that the position of the cavity res-
onance is not shifted as compared to the bare case since
the atomic dispersion vanishes at the two-photon reso-
nance, a well-known property of EIT. The absorption at
cavity resonance determines the small difference between
the bare cavity response and the atomic case. The ef-
fective linewidth of the cavity is also influenced by the
separation between the atomic and EIT resonances: this
can be controlled via the intensity of the control field Ω,
as shown in Fig. 4, or via the single-photon detuning ∆a.
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FIG. 4. (Colors online). Normalized intracavity electric field
of the atomic cavity. The cavity has a decay rate κca =
2pi×70 MHz and it is resonant with the two-photon resonance
of EIT, δ = ∆ca. We consider an atomic ensemble in EIT
configuration with N = 108 atoms and control amplitude:
Ω = 4γe (red dot-dashed line), Ω = 6γe (blue dashed line).
The black solid line represents the cavity response without
atoms.
B. Recoil Induced Resonances
We turn next to an atomic Λ system that relies on
the motional states of the ultracold gas. In particular,
we evaluate the optical response of the gas in the vicin-
ity of a recoil-induced resonance wherein the motion of
the atoms under the influence of optical fields can me-
diate the conversion of atomic kinetic energy into radia-
tion. We consider an atomic cloud of N atoms confined
in a cylindrically symmetric trap with the axial confine-
ment significantly weaker than the radial confinement.
This one-dimensional geometry enhances atomic recoil
effects along the weakly confined axis. Along this axis,
the atoms are illuminated by a strong control laser with
frequency ω1 and wave vector k1, and a weak counter-
propagating coupling laser with frequency ω2 and wave
vector k2. The relevant energy levels are sketched in Fig.
2C. The energy difference between the two lower lying
states can be changed by detuning one of the lasers.
In the absence of collisions but accounting for photon
recoil, the Hamiltonian describing the interaction of the
atomic ensemble with the light fields is H =
∑
kHk, with
Hk =
~2k2
2ma
cˆ†g(k)cˆg(k) +
(
~2k2
2ma
+ ~ω0
)
cˆ†e(k)cˆe(k)
+ ~Ω
[
ieiω1tcˆ†g(k − k1)cˆe(k) + h.c.
]
+ ~
[
iEaaˆ†eiω2tcˆ†g(k − k2)cˆe(k) + h.c.
]
(21)
Here cˆg(k) and cˆe(k) are the annihilation operator of a
ground and excited state atom with momentum ~k, re-
spectively. They follow standard bosonic commutation
relations,
[
cˆi(k), cˆ
†
j(k
′)
]
= δkk′δij . As before the Rabi
frequency for the control field is Ω and Ea is the single
atom Rabi frequency for the intracavity field, aˆ.
The expectation value for the intracavity field is gov-
erned by the equation of motion
〈 ˙ˆa〉 = −
(
iωca +
κca
2
)
〈aˆ〉+Eaeiω2t
∑
k
〈cˆ†g(k−k2)cˆe(k)〉+ηa,
(22)
where we have added cavity dissipation and drive in the
familiar fashion.
We introduce the single-photon detuning ∆a = ω0−ω1,
and the two-photon detuning, δ = ω2−ω1 and, as in the
case for EIT, assume a large single-photon detuning such
that (δ,Ω)  ∆a. In this limit, we can adiabatically
eliminate the excited state and evaluate the equations of
motion for the ground state populations and momentum
state coherences of the atomic gas [17]. Details of this
calculation are outlined in Appendix A.
We define the momentum-dependent population in the
ground state, Πp, and the ground state coherences be-
tween adjacent momentum classes, ζp±1, as
Πp = ρgg(k, k) = 〈cˆ†g(k)cˆg(k)〉 = Ng,
ζp+1 = ρgg(k + 2k0, k)e
−iδt = ρgg(p+ 1, p)e−iδt = 〈cˆ†g(k)cˆg(k + 2k0)〉e−iδt,
ζp−1 = ρgg(k − 2k0, k)eiδt = ρgg(p− 1, p)eiδt = 〈cˆ†g(k)cˆg(k − 2k0)〉eiδt, (23)
Assuming an initial ground state population momentum distribution Πth that is in thermal equilibrium at temperature
6Ta, we can write the coupled system of equations for the atomic populations and coherences as
d
dt
Πp = iβEa〈aˆ〉 (ζp+1 − ζp−1) + iβEa〈aˆ†〉
(
ζp−1 − ζ∗p+1
)− γpopΠp + γpopΠth,p (24)
d
dt
ζp+1 = − (4iωr(2p+ 1) + iδ + γcoh) ζp+1 − iβEa〈aˆ†〉(Πp+1 −Πp), (25)
d
dt
ζp−1 = (4iωr(2p− 1) + iδ − γcoh) ζp−1 − iβEa〈aˆ〉(Πp−1 −Πp), (26)
where
ωr = ~k2/2ma (27)
is the atomic recoil frequency, 2k0 = k1 − k2, the dimen-
sionless momentum p = ~k/(2~k0), and we have intro-
duced the normalized control strength β = Ω/∆a. The
last two terms in the equation for the population are due
to the fluctuation-dissipation theorem.
Assuming that the atomic populations remain in ther-
mal equilibrium and that the coherences reach steady
state over the time scale of the evolution of the electric
fields, the equation of motion for the mean intracavity
field becomes
d〈aˆ〉
dt
=
(
i∆ca − κca
2
)
〈aˆ〉+ ηa + iχRIR〈aˆ〉, (28)
where ∆ca = ω2 − ωca is the detuning of the cavity from
the coupling frequency. This is essentially the same as
for EIT, except that the susceptibility is now χRIR. For
a strong control beam that does not suffer any significant
depletion, we can solve for the steady state of the intra-
cavity field to get
〈aˆ〉 = ηa−i∆ca + κca/2− iχRIR . (29)
with
Re[χRIR] =
E2aN
∆a
+ (βEa)2N
{∑
p
Πth,p(δ + 4ωr(2p+ 1))
(γ2coh + (δ + 4ωr(2p+ 1))
2)
− Πth,p(δ + 4ωr(2p− 1))
(γ2coh + (δ + 4ωr(2p− 1))2)
}
,
Im[χRIR] = −(βEa)2Nγcoh
{∑
p
Πth,p
(γ2coh + (δ + 4ωr(2p+ 1))
2)
− Πth,p
(γ2coh + (δ + 4ωr(2p− 1))2)
}
. (30)
Figure 5 shows Im[χRIR] and Re[χRIR] as functions of
the two-photon detuning for a thermal ensemble of ul-
tracold atoms. The atomic susceptibility depends on the
number of atoms N , the Rabi frequency Ω, the single-
photon detuning ∆a and the temperature of the ensem-
ble Ta. The decoherence rate γcoh depends both on off-
resonant light scattering as well as atomic collisions. For
a laser cooled atomic gas, decoherence rates as low as 1
ms−1 have been demonstrated [17]. This is more than
two orders of magnitude smaller than the typical me-
chanical resonance frequency ωm that we consider in this
work.
As with EIT, the RIR results in modifications to
the atomic susceptibility with the detuning changing to
∆af = ∆ca + Re[χRIR] and the decay rate changing to
κaf = κca/2 + Im[χRIR]. As will become apparent in Sec-
tion IV, the effect of recoil resonances on the coupling
field is formally analogous to the optomechanical effects
inside a cavity with a moving mirror, with the differ-
ence that instead of having a single frequency as is the
case in single-mode optomechanics, we now have a distri-
bution of frequencies associated with the center-of-mass
momentum distribution of the atoms. The presence of a
negative susceptibility Im[χRIR] for negative detunings δ
is indicative of gain in the atomic medium, leading to an
exponential build up of the coupling laser in the linear,
small signal regime.
Figure 6 shows the normalized cavity field amplitude as
a function of the cavity detuning ∆ca for the parameters
of Fig. 5. The field amplitude is strongly suppressed for
small positive detunings. Also, for various combinations
of scaled control fields β and temperature Ta, there is
a dramatic build-up of intensity for a narrow range of
frequencies at negative detuning. Within this window,
the atomic gas mediates the coherent transfer of energy
from the control field to the coupling field, leading to
gain in the latter. The gain feature can be tuned in
frequency by varying the control detuning, intensity and
the temperature of the atomic ensemble.
Importantly we note that while the linearized theory
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FIG. 5. (Color online) Real and imaginary parts of the atomic susceptibility for a thermal ensemble of atoms at [Ta = 21µK,
Ω = 1.8γe] (red dot-dashed line), [Ta = 21µK, Ω = 2.6γe] (blue dashed line). Here N = 10
8 atoms, ∆a = −15γe, ωr =
2pi × 3.77 kHz, γe = 2pi × 6.07 MHz, γcoh = 2pi × 10 kHz, and Ea = 2pi × 500 kHz.
would predict an exponential growth of the coupling field
with increasing atom number, the actual gain is limited in
practice by depletion of the control field. Such saturation
effects are not accounted for in the present description.
Our specific examples of experimental parameters have
been chosen so as to safely stay away from such limiting
effects.
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FIG. 6. (Color online). Normalized steady state coupling field
after the atomic medium for the parameters of Fig. 5. The
atomic ensemble is in free space which corresponds to a decay
rate κca = c/La = 2pi × 600 GHz, and with ∆ca = 0. We
show the result for [Ta = 21µK, Ω = 1.8γe] (red dot-dashed
line), [Ta = 21µK, Ω = 2.6γe] (blue dashed line) and without
atomic medium (black solid line).
Summarizing this section, both the EIT and RIR
schemes lead to frequency dependent atomic susceptibil-
ities with spectrally narrow features as shown in Fig. 3
and Fig. 5. In the EIT scheme, the two-photon resonance
corresponds to a narrow window of vanishing absorption
and dispersion that leaves the coupling field unchanged.
In the case of RIR, the atoms act as a gain medium,
converting control photons to coupling field photons via
atomic recoil, leading to an enhancement of the latter
within a narrow range of frequencies as shown in Fig.
6. Both effects can be used to enhance optomechanical
cooling. In the EIT scheme, this results from a reduction
of the effective linewidth of the cavity down to the range
of the transparency window of the atomic medium while
in the RIR scheme, the atomic gas acts as a gain medium
enhancing the coupling field around the anti-Stokes side-
band.
IV. HYBRID ATOM-OPTOMECHANICS
We are now in a position to investigate the effect of the
atomic ensemble on the cooling properties of the hybrid
optomechanical setups of section II. From the Hamilto-
nian (1) the equations of motion for the optomechanical
cavity field cˆ and the mechanical mode bˆ are
˙ˆc = −
(
iωcm +
κcm
2
)
cˆ+ ηc − iJaˆ− ig0cˆ(bˆ+ bˆ†),(31)
˙ˆ
b = −
(
iωm +
γm
2
)
bˆ− ig0cˆ†cˆ, (32)
where we have introduced the mechanical damping rate
γm = ωm/Q, with Q the quality factor of the mechanics.
We assume κca  κcm which implies that, over the time-
scale of the dynamics of the optomechanical system, the
atomic cavity follows adiabatically the dynamics of the
mechanical resonator.
We consider in the following the two specific scenarios
of feedback and cascade couplings illustrated in Fig. 7. In
8the former case, light is pumped (from the left) into the
optomechanical cavity, and then coupled (from the right)
into the atomic cavity. In the latter configuration, the
driving field first propagates through the atomic medium
and is then injected into the optomechanical resonator.
FIG. 7. (Colors online). Schematic of the two atom mediated
optomechanical coupling schemes. In setup A, the atomic cav-
ity provides a feedback system for the optomechanical cavity.
In setup B, the external drive is filtered through the atomic
medium before being injected into the optomechanical cavity.
A. Feedback coupling
Consider first the feedback scheme of Fig. 7A. The out-
put of the optomechanical cavity drives the atomic cavity,
so that the cavity field driving term ηa in Eqs. (18) and
(29) is now −iJcˆ. The assumption that the atomic cavity
follows adiabatically the evolution of the optomechanical
cavity field allows to replace 〈aˆ〉 by
〈aˆ〉 = iJ〈cˆ〉
i(∆ca + χ)− κca/2 , (33)
where we dropped the subscript for the atomic suscep-
tibility for notational convenience. In a frame rotating
at the drive frequency ω2, the equation of motion for 〈cˆ〉
then simplifies to
〈 ˙ˆc〉 = i
(
∆cm − κcm
2
− g0〈bˆ+ bˆ†〉
)
〈cˆ〉 − iJ〈aˆ〉+ ηc
= i
(
∆cm − g0〈bˆ+ bˆ†〉
)
〈cˆ〉
+
(
−κcm
2
+
J2
i(∆ca + χ)− κca/2
)
〈cˆ〉+ ηc, (34)
where ∆cm = ω2 − ωcm. It is clear from this expression
that the linewidth κcm of the optomechanical cavity is
modified by the field in the atomic cavity: this is exactly
the effect of the feedback coupling.
We now introduce the normalized displacement op-
erator xˆ = bˆ + bˆ†, and we decompose the operators
cˆ = 〈cˆ〉 + δcˆ and xˆ = 〈xˆ〉 + δxˆ, into a classical average
value corresponding to the steady state, and small fluc-
tuations around it. Linearizing the equations of motion
we arrive at
〈cˆ〉 = ηc
(
−i∆˜cm − J
2
i(∆ca + χ)− κca/2 +
κcm
2
)−1
,
(35)
where ∆˜cm = ∆cm − g0〈xˆ〉.
The fluctuations in the cavity field are governed by the
equation of motion
δ ˙ˆc =
(
i∆˜cm +
J2
i(∆ca + χ)− κca/2 −
κcm
2
)
δcˆ− igδxˆ.
(36)
where we have introduced the linearized coupling con-
stant g = g0〈cˆ〉, which can be taken to be real without
loss of generality. This equation can be solved easily in
the Fourier domain to get
δcˆ[ω] = −igδxˆ[ω]×(
−i(∆˜cm + ω)− J
2
i(∆ca + ω + χ[ω])− κca/2 +
κcm
2
)−1
,
(37)
and δcˆ†[ω] = (δcˆ[−ω])†. The dynamical radiation
pressure force at the mechanical frequency is given by
δFˆRP[ωm] = −~G(δcˆ[ωm] + δcˆ†[ωm]), where G = g/xzpt
and xzpt =
√
~/(2mωm) is the zero point motion of the
mechanical oscillator. This gives
δFˆRP[ωm] = i~
g2
xzpt
δxˆ[ωm]
(
1
A(+) − iωm −
1
A(−)∗ − iωm
)
,
(38)
where
A(±) = −i∆˜cm− J
2
i(∆ca ± ω + χ(±))− κca/2 +
κcm
2
, (39)
and χ(±) is the susceptibility evaluated at ω2 ±ωm. The
real and imaginary parts of 〈δFˆRP〉 change the spring
constant and damping rate of the mechanical oscillator
via dynamical back-action [1, 2], with
Γopt = 2g
2Re
[
1
A(+) − iωm −
1
A(−)∗ − iωm
]
, (40)
kopt = 2mωmg
2Im
[
1
A(+) − iωm −
1
A(−)∗ − iωm
]
. (41)
We recognize the familiar two components deriving from
the Stokes (red-) and anti-Stokes (blue-) sidebands. In
particular, the optical damping rate can be written as
Γopt = Γanti−Stokes − ΓStokes. (42)
Solving for the steady state minimum occupation number
for the mechanical mode coupled to a thermal bath, we
obtain
nmin =
ΓStokes + γmnbath
Γopt + γm
. (43)
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FIG. 8. (Color online). Cooling characteristics of the hybrid atomic EIT optomechanical system with feedback coupling for
ωm = 2pi × 300 kHz, Q = 5 × 107, Tbath = 300 K, Pin = 200 nW, g0 = 2pi × 200 Hz, κca = 2pi × 70 MHz, N = 108 atoms,
Ω = 6γe, and ∆a = 500γe. Plots (a) and (d) show the mean optomechanical cavity field 〈cˆ〉, plots (b) and (e) the optical
damping Γopt and plots (c) and (f) the minimum number of phonons as a function of ∆˜cm/ωm near the resolved sideband
regime, κcm = 2pi × 240 kHz < ωm (a,b,c), and in the Doppler regime, κcm = 2pi × 3.6 MHz > ωm(d,e,f). The red dashed
lines represent the hybrid case and the black solid lines represent the case without coupling to the atomic cavity (J = 0) for
comparison.
Here, nbath = kBTbath/~ωm  1,with Tbath the tem-
perature of the thermal bath of the oscillator. If we as-
sume ωm = 2pi × 300 kHz with Q = 5 × 107 at room
temperature [18], we can estimate the minimum opti-
cal damping needed to reach ground state cooling as
Γopt > 2pi × 125 kHz.
Figure 8 summarizes important cooling features of the
EIT based hybrid optomechanical system and compares
them to the purely optomechanical cooling (J = 0) sit-
uation. The upper plots (a,b,c) are for an intermediate
situation close to the resolved side band regime of op-
tomechanics, with κcm ≈ ωm, and the lower series of
plots (d,e,f) for the so-called Doppler regime κcm  ωm.
Remarkably, we find in the intermediate regime a con-
figuration that leads to ground state cooling from room
temperature, as clearly shown in Fig. 8(c). Introducing
the hybrid system improvement factor
ξ = ncmmin/n
cm+ca
min , (44)
we have ξ ≈ 2 for this situation, a value necessary to
obtain nmin < 1 in that case. We observe also that the
best cooling is obtained for −ωm < ∆˜cm < 0 on the red
side of the resonance, but slightly shifted compared to
the familiar resolved side band condition ∆˜cm = −ωm.
Figure 8(f) shows that in the Doppler regime the im-
provement factor increases to ξ ≈ 3, even though the
system is cooled to a mean phonon number still far re-
moved from the ground state. Interestingly, though, the
strongest cooling feature is now on the blue-side of the
resonance, corresponding to ∆˜cm = ωm.
We can gain some degree of intuitive understanding
of these results by considering the intracavity fields of
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FIG. 9. (Color online). Maximum optical damping rate for
the hybrid atomic EIT optomechanical system with feedback
couplingumber N . Here ωm = 2pi × 300 kHz with a quality
factor Q = 5 × 107 and temperature Tbath = 300 K, P =
200 nW, g0 = 2pi × 200 Hz, κca = 2pi × 70 MHz, ∆a = 500γe,
and κcm = 2pi × 240 kHz. The area enclosed by the black
line corresponds to Γopt > 2pi× 125 kHz and hence to ground
state cooling, nmin < 1, for these parameters.
Eq. (35), see Fig. 8(a,d). As is well known [2] the op-
tical damping finds its origin in the difference between
the two mechanically generated sidebands, located at
∆˜cm = ω2±ωm, whose shape is determined by the intra-
cavity field. Without feedback each sideband has a single
peak. Their difference is always positive on the red-side
of the resonance, corresponding to cooling. Instead, in
the hybrid configuration there is a dip in the field at res-
onance. The situation is less clear-cut in the presence
of feedback, and a more detailed quantitative analysis is
required in general to understand the detailed features
of cooling, in particular whether it occurs on the red or
blue-detuned side of the resonance. First, we note that
at the atomic resonance the light entering into the feed-
back cavity is completely absorbed, thus providing no
coupling back to the optomechanical cavity. Second, for
situations where the atomic cavity field is small, the field
in the optomechanical cavity remains closer to the un-
coupled (J = 0) case. Finally, at the cavity resonances
∆˜cm = ∆ca = 0, where the atomic susceptibility van-
ishes, the feedback field simply contributes an additional
term 2J2/κca to the optomechanical cavity linewidth.
This induces a dip in the field that is absent without feed-
back, see dotted red lines in Fig. 8a and Fig. 8d. Away
from these limiting situations both the spectral proper-
ties and amplitude of the feedback field depend on the
linewidth established by the combined effects of Ω and
N . In the extreme Doppler regime κcm  ωm, the widths
of the sidebands are much broader than their separation,
see Fig. 8d. This results in a situation opposite to the
familiar resolved side band regime, with cooling on the
blue-side and heating on the red-side, see Fig. 8(e). When
reducing κcm and moving towards the resolved sideband
regime, the two peaks in the field start to be be resolved,
and this enhances cooling on the red side of the cavity
resonance as emerges from Fig. 8(b).
Figure 9 shows the dependence of the optical damping
on the control Rabi frequency Ω and atom number N for
the case leading to ground state cooling from room tem-
perature. Importantly, the parameter region that results
in such cooling is large, an indication of the robustness
of the hybrid system approach with respect to parameter
fluctuations.
Finally, Fig. 10 plots the improvement factor ξ for a
large range of optomechanical cavity decay rates. Deep
in the Doppler regime the atomic ensemble provides an
improvement of almost two orders of magnitude over
conventional cooling. This factor decreases as one ap-
proaches the resolved side-band regime, but interestingly,
the border between the two regimes is characterized by a
feature that allows for ground state cooling as highlighted
in the inset. We remark that the advantage of working in
an intermediate regime between the resolved side band
and Doppler regime has also recently been pointed out
in Ref. [7] in a different context.
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FIG. 10. Improvement factor ξ when varying the cavity
damping rate from the Doppler (right) towards the resolved-
sideband (left) regime. The inset shows the area where
ground state cooling may be achieved (arrow). Here ωm =
2pi × 300 kHz, Q = 5 × 107, Tbath = 300 K, P = 200 nW,
g0 = 2pi × 200 Hz, κca = 2pi × 70 MHz, N = 108 atoms,
Ω = 6γeand ∆a = 500γe.
B. Cascade coupling
One can envison a similar enhancement of optomechan-
ical cooling using the motional states of the atomic gas
via a recoil-induced resonance. In order to take advan-
tage of the spectrally narrow gain feature associated with
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FIG. 11. (Color online). Features of the hybrid optomechanical cooling via RIR. Here ωm = 2pi × 300 kHz, Q = 5 × 107,
Tbath = 300 K. P = 1 nW, and g0 = 2pi × 200 Hz. A 0.5 mm atomic ensemble of 108 atoms is illuminated with a control field
of strength Ω = 2.6γe and ∆a = −15γe. We show the intensity in the optomechanical cavity, the optical damping Γopt and the
minimum number of phonons for κcm = 2pi × 240 kHz (a,b,c) and κcm = 2pi × 3.6 MHz (d,e,f), respectively. Black solid lines:
no cavity coupling, J = 0. Red dashed lines: hybrid case.
the RIR, we turn to a configuration where the ampli-
fied output from the atomic medium directly drives the
optomechanical cavity. Furthermore, in order to ensure
gain within a single frequency window, we assume that
the atomic medium is trapped in free space instead of
within a cavity (see Fig. 7 B).
To account explicitly for the effects of photon recoil is
is useful to introduce the new bosonic annihiltion oper-
ations aˆ → aˆp = (1/
√
2)aˆeikz, where the factor of 1/
√
2
accounts for quantization of the field in terms of running
waves modes and eikz is the phase of the propagating
field along the z axis. The coupling field Hamiltonian
Eq.2 becomes then
H ′optA = ~ω2aˆ†paˆp + i~(ηaaˆ†p − η∗aaˆp), (45)
and the coupling between the two field modes
H ′AM = ~J(aˆ†pcˆ+ aˆpcˆ†), (46)
where J =
√
κaκcm/2 and κa = c/La is the free-space
decay rate of an atomic cloud of length La. A large de-
cay rate implies that the expectation value of the cou-
pling field comes to a steady state over a very short time
period. Thus,
〈aˆp〉 → 〈aˆp〉 = ηa−iχ+ κa/2 . (47)
Inserting this form in the equation of motion for 〈cˆ〉, and
in a frame rotating at ω2 gives
〈 ˙ˆc〉 =
(
i∆˜cm − κcm
2
)
〈cˆ〉+ (ηc − iJ〈aˆp〉). (48)
We now have an additional drive term that has a fre-
quency dependence due to the susceptibility of the atomic
cloud. As a result, the steady state and fluctuations of
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the optomechanical cavity field are given by
〈cˆ〉 = (ηc − iJ〈aˆp〉)
(
−i∆˜cm + κcm
2
)−1
, (49)
〈δc[ω]〉 = −ig0〈cˆ〉〈δx[ω]〉
(
−i(∆˜cm + ω) + κcm
2
)−1
.
(50)
The dynamical radiation pressure force at the mechanical
frequency thus becomes
〈δFˆRP [ωm]〉 = i~(g2/xzpt)〈δxˆ[ωm]〉×(
1
−i(∆˜cm + ωm) + κcm/2
− 1
i(∆˜cm − ωm) + κcm/2
)
,
(51)
where g = g0|〈cˆ〉|2, and the intra-cavity field evaluated
at ω = ω2 +ωm. The optically mediated cooling rate and
spring constant become
Γopt = 2g
2
0 |〈cˆ〉|2 Re
[
1
−i∆˜+cm + κcm/2
− 1
i∆˜−cm + κcm/2
]
,
kopt = 2mωm g
2
0 |〈cˆ〉|2
Im
[
1
−i∆˜+cm + κcm/2
− 1
i∆˜−cm + κcm/2
]
, (52)
where ∆˜±cm = ∆˜cm ± ω.
Figure 11 shows the intracavity intensity, optomechan-
ical cooling rates, and minimum steady state occupation
number of the mechanical mode with and without the
atomic medium. In these results, the parameters for the
atomic ensemble and the coupling field are chosen so as
to realize a gain feature around the mechanical resonance
frequency ωm. The optomechanical cavity parameters
and the mechanical oscillator parameters are the same
as for the EIT case, except for a lower input power of
1 nW to avoid parametric instabilities. As can be seen,
the coupling to the atomic medium results in a dramatic
enhancement to the cooling rate for ∆˜cm ≈ −ωm. It
corresponds to a decrease in the phonon number of the
mechanical resonator by over two orders of magnitude.
The enhancement to optomechanical cooling due to the
RIR can be quantified in terms of the dimensionless pa-
rameter ξ of Eq. (44), see Fig. 12. It reveals substantial
optomechanical cooling due to the atomic medium over
a wide region extending well into the Doppler regime of
the optomechanical cavity. (Note that for very large κcm,
the optomechanical cavity becomes too lossy for an ap-
preciable intensity to build up within the cavity, leading
to a decreased influence of the atomic medium.)
C. Comparison of the two coupling schemes
While distinct physical mechanisms are at the ori-
gin of these results both the EIT-feedback coupling and
the RIR-cascade coupling contribute to a substantial
improvement of the mechanical cooling in the Doppler
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FIG. 12. Improvement factor for RIR-based hybrid optome-
chanical cooling with varying cavity damping rate. Here,
ωm = 2pi × 300 kHz, Q = 5 × 107, Tbath = 300 K and
P = 1 nW. The atomic parameters for the RIR are the same
as in Fig. 11.
regime. In the case of EIT, the creation of a narrow win-
dow of field suppression around cavity resonance allows
to eliminate the unwanted sideband thus improving cool-
ing. This explains why cooling occurs on the blue side of
the cavity resonance, in contrast to the more familiar re-
solved sideband regime situation. In the case of cascade
coupling, the intrinsic asymmetry in the two sidebands is
strongly enhanced as a result of interaction of the single-
mode coupling field with the atomic medium, resulting
in cooling on the red side of the cavity resonance.
A comparison of the improvement factors for the EIT
and the RIR scheme, see Figs. 10 and 12, indicates that
the latter yields the most dramatic improvement in op-
tomechanical cooling. However, this comes at the ex-
pense of diminished tunability due to the sensitive de-
pendence of the RIR process on trap parameters and the
temperature of the atomic ensemble.
V. CONCLUSION
In summary we have investigated two hybrid quan-
tum systems consisting of a cavity optomechanical sys-
tem optically coupled to an ultracold atomic gas. We
demonstrated theoretically how the dispersive and gain
optical properties of the atomic gases are exploited to
modify the optomechanical response of the mechanical
resonator, resulting in significantly enhanced cooling of
the resonator, even for an optomechanical system that is
nominally in the unresolved sideband regime. We con-
sidered both the interaction of the optomechanical sys-
tem with the spin degree of freedom of the atomic gas
through a EIT feature as well as an interaction with its
motional degree of freedom through a recoil induced res-
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onance (RIR). In either case we found broad and robust
parameter regimes wherein the mechanical resonator can
be cooled to the ground state from room temperature.
In the case of EIT, the improvement in optomechanical
cooling is due to the narrow transparency window at the
two-photon resonance that enhances the spectral asym-
metry between the Stokes and anti-Stokes sidebands in-
duced by mechanical motion. In the case of the RIR,
optical gain enhances the anti-Stokes sideband leading
to enhanced cooling. These results pave the way towards
ground state optical cooling of low frequency mechanical
resonators.
The concrete examples considered here illustrate in rel-
atively simple situations realizable with existing tech-
nology the considerable advantages provided by the
exquisite optical control of ultracold atomic gases for the
quantum control and manipulation of a mesoscopic me-
chanical resonators. They also hint at powerful schemes
that can be conceived to dynamically tune the optical
response of cavity optomechanical systems for various
sensing, transduction and state transfer protocols. These
aspects of hybrid systems with ultracold atoms will be
considered in some detail in future work.
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Appendix A: Equations of motion for the RIR
atomic operators
Starting for the identity
d
dt
〈cˆ′†j (k′)cˆj(k)〉 =
d
dt
ρjj′(k, k
′) =
i
~
〈[H, cˆ′†j (k′)cˆj(k)]〉.
(A1)
and the Hamiltonian (21), the Heisenberg equations for
the atomic operators are
d
dt
ρgg(k, k
′) = − i~
2ma
(k2 − k′2)ρgg(k, k′) + Ωeiω1tρeg(k − k1, k′)
+Ωe−iω1tρge(k, k′ − k1) + Ea〈aˆ†〉eiω2tρeg(k − k2, k′) + Ea〈aˆ〉e−iω2tρge(k, k′ − k2), (A2)
d
dt
ρee(k, k
′) =
(
i~
2ma
(k′2 − k2) + iω0
)
ρee(k, k
′) + Ωeiω1tρeg(k, k′ − k1)
+Ωe−iω1tρge(k − k1, k) + Ea〈aˆ†〉eiω2tρeg(k, k′ − k2) + Ea〈aˆ〉e−iω2tρge(k − k2, k′), (A3)
d
dt
ρeg(k, k
′) = −iω0ρeg(k, k′) + Ωe−iω1t (ρee(k, k′ + k1)− ρgg(k − k1, k′))
+Ea〈aˆ〉e−iω2t (ρee(k, k′ + k2) + ρge(k − k2, k′)) . (A4)
In a frame rotating at the control frequency,ω1, so that
ρ˜eg(k, k
′) = ρeg(k, k′)eiω1t, and with ∆a = ω0 − ω1, and
δ = ω2 − ω1, we have then
d
dt
ρ˜eg(k, k
′) = −i∆aρ˜eg(k, k′)
+Ω (ρee(k, k
′ + k1)− ρgg(k − k1, k′))
+Ea〈aˆ〉e−iδt (ρee(k, k′ + k2) + ρge(k − k2, k′)) . (A5)
The steady state solution for this coherence is
ρ˜eg(k, k
′) = −i Ω
∆a
(ρee(k, k
′ + k1)− ρgg(k − k1, k′))
− iEa〈aˆ〉
∆a
e−iδt (ρee(k, k′ + k2) + ρgg(k − k2, k′)) . (A6)
Here we have used the assumption that ∆a ± ~(k2 −
k′2)/(2m) ≈ ∆a, since the control-atomic resonance de-
tuning (∆a) is much larger than the atomic recoil fre-
quency. We shall use this expression in the equation
of motion for the fields, and coherences between the
same electronic state of the atomic ensemble. We now
eliminate the excited state population and coherences,
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ρee → 0, since the spontaneous emission rate is much
larger than the rate of population and coherence buildup,
γe  |Ω|2/∆a.
Introducing the new variables introduced in main tex,
such as e.g. the recoil wave vector 2k0 = k1− k2, dimen-
sionless momentum p = ~k/2~k0 and a dimensionless
parameter characterizing control coupling β = Ω/∆a, we
can rewrite the equation of motion for the ground state
using the steady state values for coherences between the
ground states as
ρ˙gg(p, p
′) = 4iωr(p′2 − p2)ρgg(p, p′)
+iβEa〈aˆ〉e−iδt [ρgg(p+ 1, p′)− ρgg(p, p′ − 1)]
−iβEa〈aˆ†〉eiδt [ρgg(p, p′ + 1)− ρgg(p− 1, p′)] . (A7)
Equations (A7) are then used to derive explicit forms for
the population and coherences in the ground state, see
Eq. (24). Assuming that the atomic populations remain
in a thermal state and that the coherences come to a
steady state over the time scale of the evolution of the
electric fields, we finlly obtain
ζp−1,s =
iβ∗E∗aN(Πp−1 −Πp)
(4iωr(2p− 1) + iδ − γcoh) 〈aˆ〉,
ζp+1,s = − iβEaN(Πp+1 −Πp)
(4iωr(2p+ 1) + iδ + γcoh)
〈aˆ†〉.
These are the steady state values of the atomic coher-
ences used in the equation of motion of the coupling field.
[1] M. Aspelmeyer, T. Kippenberg and F. Marquardt,
arXiv:1303.0733 (2013); P. Meystre, Annalen der Physik
525, 215 (2013).
[2] F. Marquardt, J. P. Chen, A. A. Clerk, and S. M. Girvin,
Phys. Rev. Lett. 99, 093902 (2007);I. Wilson-Rae, N.
Nooshi, W. Zwerger, and T. J. Kippenberg, Phys. Rev.
Lett. 99, 093901 (2007).
[3] A. D. O’Connell, M. Hofheinz, M. Ansmann, R. C. Bial-
czak, M. Lenander, E. Lucero, M. Neeley, D. Sank, H.
Wang, M. Weides, J. Wenner, J. M. Martinis, and A. N.
Cleland, Nature (London) 464, 697 (2010).
[4] J. D. Teufel, T. Donner, Dale Li, J. W. Harlow, M. S.
Allman, K. Cicak, A. J. Sirois, J. D. Whittaker, K. W.
Lehnert, and R. W. Simmonds, Nature (London) 475,
359 (2011).
[5] J. Chan, T. P. Mayer Alegre, A. H. Safavi-Naeini, J. T.
Hill, A. Krause, S. Gro¨blacher, M. Aspelmeyer, and O.
Painter, Nature (London) 478, 89 (2011); A. H. Safavi-
Naeini, J. Chan, J. T. Hill, T. P. Mayer Alegre, A.
Krause, and O. Painter, Phys. Rev. Lett. 108, 033602
(2012).
[6] B. Rogers, N. Lo Gullo, G. De Chiara, G. M. Palma, and
M. Paternostro, arXiv:1402.1195, (2014).
[7] Yong-Chun Liu, Rui-Shan Liu, Chun-Hua Dong, Yan
Li, Qihuang Gong, and Yun-Feng Xiao, arXiv:1406.7359
(2014).
[8] H. Ritsch, P. Domokos, F. Brennecke, and T. Esslinger,
Rev. Mod. Phys. 85, 553 (2013).
[9] P. Treutlein, C. Genes, K. Hammerer, M. Poggio, and P.
Rabl, arXiv:1210.4151 (2012).
[10] J.S. Bennet, L.S. Madsen, M. Baker, H. Rubinsztein-
Dunlop, and W.P. Bowen, arXiv:1404.3445 (2014).
[11] A. Dantan, B. Nair, G. Pupillo, and C. Genes,
arXiv:1406.7100 (2014).
[12] M. Fleischhauer, A. Imamoglu, and J.P. Marangos, Rev.
Mod. Phys. 77, 633 (2005).
[13] J. Guo, P.R. Berman, B. Dubetsky, and G. Grynberg,
Phys. Rev. A 46, 1426 (1992).
[14] J.-Y. Courtois, G. Grynberg, B. Lounis, and P. Verkerk,
Phys. Rev. Lett. 72, 3017 (1994).
[15] M. G. Moore and P. Meystre, Phys. Rev. A 58, 3248
(1998).
[16] M. Vengalattore and M. Prentiss, Phys. Rev. A 72,
021401(R) (2005).
[17] M. Vengalattore, M. Hafezi, M. Lukin and M. Prentiss,
Phys. Rev. Lett. 101, 063901 (2008).
[18] S. Chakram, Y. S. Patil, L. Chang and M. Vengalattore,
Phys. Rev. Lett. 112, 127201 (2014).
[19] C. Genes, H. Ritsch, and D. Vitali, Phys. Rev. A 80,
061803(R) (2009).
[20] C. Genes, H. Ritsch, M. Drewsen and A. Dantan, Phys.
Rev. A 84, 051801(R) (2011).
[21] For a single-sided cavity, meaning one with a completely
reflecting (right) end-mirror, we have κl,ca = κca, while
for a cavity with equal mirrors at both ends, we have
κl,ca = κr,ca = κca/2.
[22] C.W. Gardiner and P. Zoller, Quantum Noise (Springer,
Berlin, 2004).
[23] Y. S. Patil, S. Chakram. L. Aycock and M. Vengalattore,
arXiv:1404.5583 (2014).
